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Abstract. From the mathematical point of view, a cellular neural network (CNN) can be characterized by an array of identical
nonlinear dynamical systems called cells (neurons) that are locally interconnected. Using the semi-discretization method, in
the present talk we construct a discrete-time counterpart of a neutral-type CNN with time-varying delays and impulses.
Sufficient conditions for the existence of periodic solutions of the discrete-time system thus obtained are found by using the
continuation theorem of coincidence degree theory.
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INTRODUCTION

Over the past two decades neural networks have been widely studied since they have been successfully applied to
various processing problems such as optimization, image processing, associative memory and many other fields (see
[4] and references given therein). Different types of applications depend on the dynamical behaviours of the neural
networks. Cellular neural networks (CNNs) were introduced in the 1980s by Chua and Yang [2]. Since then, many
researchers have done extensive and interesting works on this subject because of its potential applications in real life
problems such as signal processing, pattern recognition, chemical processes, nuclear reactors, biological systems,
static image processing, associative memories, optimization problems and so on [2, 4, 6]. A CNN is a massive
parallel computing paradigm defined in a discrete N-dimensional space. The basic circuit unit of CNNs is called a
cell (neuron). It contains linear and nonlinear circuit elements, which typically are linear capacitors, linear resistors,
linear and nonlinear controlled sources, and independent sources. The structure of CNNs is similar to that found in
cellular automata; namely any cell in a cellular neural network is connected only to its neighbor cells and the adjacent
cells can interact directly with each other [2].

MAIN RESULT

We consider the following impulsive neutral-type cellular neural network with time-varying delays:
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where x;(t) is the state of the i-th neuron at time 7 and f;(-), g;(-) denote activation functions; the constants b;;, c;;
represent the weights (or strengths) of the synaptic connections between the j-th neuron and the i-th neuron, respec-
tively without and with transmission delay 7;;(r); o;(¢) is the time delay in the state velocity x;(r); I;(f) denotes the
external bias on the i-th unit at time #; g;() is the rate with which the i-th unit resets its potential to the equilibrium
state when isolated from the network and external inputs; 7 (k € N) are the moments (instants) of impulse effect sat-
istying 0 <11 <ty <+ <t <o and lim i = oo3 Axi (1) 1= xi(tx +0) = xi(1x — 0) = xi(ti +0) — xi(te) represents the

instantaneous change of the state of the i-th neuron at time #; d;, Ok, Bijk, %jk, Cix are some constants, and x > 0 will
be specified later.
Now we make the following assumptions:

[H1] (periodicity) There exists a positive number ® and a positive integer p such that

ai(t+o)=a;(t), L(t+o0)=ILt), o(t+w)=o0;(t) for t>0 and i=1,m,
bij(t+w) =b;j(1), cij(t+w)=c(t), Tj(t+w)=1() for t>0 and i,j=1,m,
tiyp =tk +@ for keN,

Qijrp = ik, Cikyp=0C for keN and i=1,m,
Bijiip = Bijxs  Yijk+p=Yijx for k€N and i,j

1,m.

[H2] (boundedness, continuity and smoothness) |d;| < 1 for i = i,m, di = 0 whenever o;(¢) = 0; the functions
ai(t), bj(t), ¢;j(r) are continuous on [0, o];

ai(t)>0 for t>0 and oy >0 for keN, i=1m;

)

there exist positive constants Fj, G; F;G; (j = 1,m) such that

Ifi0) =i < Filx—yl,  1gi(x) —g;(»)] < Gjlx—yl,
|@j(x) —@;(y)| < Fjlx—y[,  [Tj(x)=T;(y)| <Gjlx—y[ forany x,y€R;

the functions o;(¢) (i = 1,m) and 7;;(¢) (i, j = 1,m) are nonnegative, continuously differentiable for # > 0 and
such that

sup6;(t) <1, supt;i(r) <1 for i,j=1,m;
>0 >0

foreachi € {1,2,...,m}, either o;(t) = 0 or o;(¢) > 0 for z € [0, ®]; the functions ¢;(s) (i = 1,m) are continuous
on the interval [—y,0], where y = max{c, 7} and 0 = max supo;(r), T = max supT;;(f).
i=1,m >0 i,j=1lmt>0

The existence of periodic solutions for a system similar to (1), (3) (without impulses) under assumptions contained
in H1, H2 was studied in [5]. To find an w-periodic solution of system (1), (2) means to determine the initial functions
@;(s) so that the solution of the initial value problem (1)—(3) is w-periodic.

Similarly to our previous paper [1], henceforth we shall derive a discrete counterpart of system (1)—(3) using the
semi-discretization method and obtain sufficient conditions for the existence of periodic solutions of the latter. In this
process the differentiability of the time-varying delays will not be used.

For the sake of definiteness we assume that ¥ < w. For a positive integer N we choose the discretization step
h = @/N. For the moment we assume N so large that

h < min (i1 — ).
k=1,p

Then each interval [nh,(n+ 1)h] contains at most one instant of impulse effect 7. We also assume that i <
min {infai(t) oi(t) £ 0}.
t>0
For convenience we denote n = [t /1], the greatest integer in # /h, and ny = [t/ h]. Clearly, we will have ny, , = ny +N

for all k € N. We also denote G;(-) = [0;(-)/h], Ti;(-) = [7i;(-)/h], No = [x/h].
Let n € {0} UN, n # ng. This means that the interval [nh, (n+ 1)h) contains no instant of impulse effect #.
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We approximate the differential equations (1) on the interval [nh, (n+ 1)h] by
x,'(l‘) + ai(nh)xi(t) —d; [X,'(Z‘ — 5,'(1’1/’1)/’1) —I—ai(nh)xi(t — 6,(nh)h)] = —ai(nh)dixi((n — 6,(nh))h)

© Gkt i b (nh) (x5 (nh)) + 21 i3 (nh) g (xj((n — Ty (k) ), i=Tm.
J= J=

We multiply both sides of this equation by exp (a;(nh)t), integrate over the interval [nh, (n+ 1)A], and then multiply
by exp (—a;(nh)(n+1)). Thus we obtain

xi((n+1)h) —xi(nh) = dilxi(n+1—&;(nh))h) —xi((n— &;(nh))h)] — (1 - e*%'("h)h) x;i(nh) (4)
_efa,-(nh)h m m
IQ,W {Ii(nh) + Zl bij(nh) f(xj(nh)) + Zl cij(nh)g, (xj(("—fi/(nh))h))} :
l = =

Henceforth by abuse of notation we write x;(n) := x;(nh) and define Ax;(n) =x;(n+1) —x;(n) (i=1,m, n € {0} UN).
For convenience we adopt the notations:

Ailn) = 1—e@tWh (G =Tm, ne{0}UN\ {m}ren),
7e—ai(nh)h
W) = Ao h) (=T n e {O}UN {ncdien).
1 _efa,-(nh)h
bij(n) = Wbij(nh) (i,j = 1,m, n € {0} UN\ {my }ren),
oi(n) = 6i(nh)  (i=1,m, n€N\{ntren),
Tij(n) = %j(nh) (i=1,m,neN).

Clearly, we have 0 < A;(n) < 1.
With the above notation equation (4) takes the form

Axi(n) = d'[xi(”+1—0i( ))—x,-( = 6i(n))] = Ai(n)xi(n) +I;(n)

+ Zbu n) fj(xj(n +Zcu n)gj(x;(n—1;(n))), i=1,m, n#n. (5)

Next, for n = ny, the interval [nh, (n+ 1)A] contains the instant of impulse effect 7. On this interval we approximate the
impulse condition (2) by

Axi(ng) = —ogxi (i) + G + Z Bijk®;(xj(nk)) + Z Yijielj (xj (me — 7 (i), i=1,m, keN. (6)
j=1 j=1

For uniformity of notation we define

Ai(ne) = o,  Li(m) =8 (i=1,m, keN).

Now the difference system (5), (6) can be written in operator form as

Ax = Hx, @)
where
(Hx)i(n) = —Ai(n)xi(n) +1;(n) ®)
N difxi(n+1—6i(n)) —xi(n— 0i(n))] +Jg bij(n) fj(xj(n)) + % cij(n)gj(xj(n—7j(n))), n# ng,

Z ﬁtjkq) (xj(nk))+ Z %/kr (xj( Tt/(nk))) n=ng.
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From the periodicity assumptions H1 it follows that

Ai(n—‘y-N):A,'(l’l), Gi(l’l—FN):G,'(n), T,'j(l’l—FN):T,'j(n) for i,j=1,m, nE{O}UN,

bij(n+N) = b;j(n), cij(n+N) = cij(n), Ii(n+N) = IL(n) for i,j=1,m, neN\{ntien.

We can consider the system (7) for n € {0} UN, with initial conditions

x,'(e):(/)i(f) for 6207—1,...,—]\70, i=1,m, ©))

where @(€) = (@1 (£), @2(0),...,0u (€))7, £ =0,—1,...,—Ny, are given initial vectors (¢ = [s/h], @;(¢) := @;(¢h)). To
find an N-periodic solution of system (7) means to determine the initial vectors @ (¢) so that the solution of the initial
value problem (7), (9) is N-periodic.

We shall prove that under certain assumptions system (7) has at least one N-periodic solution using

Mawhin’s continuation theorem [3] Let X,Y be real Banach spaces, let L : DomL C X — Y be a Fredholm
mapping of index zero, let Q be a continuous projector Y — Y such that KerQ = ImL =1Im (I — Q), and let J be an
isomorphism Im Q — Ker L.

Let Q C X be an open bounded set and let H : X — Y be a continuous operator which is L-compact on Q. Assume
that the following conditions hold:

(a) for each A € (0, 1), x € dQNDomL, Lx # AHx;

(b) for each x € dIQNKerL, QHx # 0;

(c) deg(JOH, QNKerL, 0) # 0, where deg(+) is the Brouwer degree.
Then the equation Lx = Hx has at least one solution in QN DomL.

For the sake of brevity we have omitted some definitions.
Let us choose X =Y = {x(n) = (x1(n),x2(n),...,xu(n))! : x(n+N) =x(n), n € {0} UN} which is a Banach space
equipped with the norm

m
X|| = max |x;(n)|.
=X max (o)

For x € X, let Hx be defined by (8), Lx = Ax. Now it remains to verify the applicability of Mawhin’s theorem under
certain assumptions.
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